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Abstract The way adopted in Refs. 1-3 to cope with thegete
ambiguity, which is always present on carrier-phase
Two attitude determination procedures based on GR®servations, is quite simple and efficient but asgs a
carrier phase interferometry for spin stabilizetbllites given upper bound to the satellite spin fate
are revisited. Especially their algorithm to soltree  Unfortunately, for sampling rates offered by cutren
integer ambiguity problem is reformulated in order GPS receivers and typical values of antenna baselin
overcome a restriction to non-slow spin rates. Thiength, that requirement represents a strong liraita
approach is based on the kinetic constraint duthéo for practical applications.
spin stabilization. Also a closed-form is presented In this paper, one removes such limitation prodide
solve the signal ambiguity which appears whethe spin rate is known within a given uncertainty
processing the double-difference of carrier-phdisés boundary. A triplet is selected from the data sangwid
obtained from invariant properties of vectors undetested with every admissible integer ambiguity sotu
finite rotations. Numerical results are presentsthgi The optimal solution is found by checking the goeshn
simulated data and real data from a ground expetime of fitting of the triplet-based sinusoidal with pext to
the whole sample.

Key words: GPS, Spin Stabilized Satellites, Attitude One also presents a new approach to solve thalsign
Determination. ambiguity on the double difference based solutlbis

based on two invariant properties of vectors under

Introduction rotation and it avoids the time consuming numerical

search of the original proceddre

On a previous papera procedure for attitude A proof of the concept algorithm was implemented
determination of spin stabilized satellites from S5P and tested using both simulation and ground tett. da
interferometry was presented. The approach is based The results are presented and analyzed. The study
the single-difference of carrier-phase measured pgir intends to be a preparatory step to further aralykthe
of antennas linked to a single GPS receiver. Due fwwocedure performance using the DLR ground test
operational constraints on the available ground tefacilities.
facilities, a variation of the procedure was later
developed based on double-difference of carrier-phase, The Integer Ambiguity Resolution Algorithm
which is able to process measurements from a gair o for Slow Spin Rate
antennas linked to distinct receivers. Both procedu
versions take profit of the sinusoidal pattern b&ét Only the fractional part of the carrier-phase igaide
observed signal to get attitude information frora itfor attitude determination, not subjected to cyslies.
amplitude and phase. The concept was thus proved lythis case, the between-antenna, single-differesfc
ground tests carried out at the Instituto Nacional deGPS carrier-phase observabléor the p-th GPS

Pesquisas Espaciais — INPE, in the context of &yeliite for a pair of antenng&?) over a spinning

Ezc&g?;?g%nnggizmsr'ltptl)ftween INPE and Universida gseline at a given timemay be modeled as:
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instability; N Pis the integer ambiguity,is a random L R S
white sequence with standard deviation b is the e o S
baseline lengthA is the GPS carrier wavelength; ano O et "
AP and BP are coefficients related with the-th GPS E

line of sight aspect anglé® and its phase angla® at

to: Figure 1: Preprocessing GPS carrier-phase -
Ground experiment data, low spin rate
AP =sinBPcoxr P, (2)  This algorithm works if the following empirical
condition is satisfiet
BP =sinBPsina P . (3)

_ b
The first step to estimate the satellite spin-atigude 1= wAtX <04 )

and its phase angle is to estima¥ and BP from a
given data Samp@(l’fz(tl)-”',(sz(tn)} for each GPS If Cond. 4 is not fulfilled the split sinusoidal p&rn is

. . ; lost and the algorithm fails to retrieve the orain
satellite. The model equation (1) is affected bylrfo_ information. This means for instance that for aidgp

different kind - of d|sturbanges: the f'rSt. ON€  Shaseline of 1 mand a sampling rate of 1 Hz the sy
represented by the term,, which may be eliminated gy, he smaller than 1rpm. Even considering tise s
by connecting both antennas to the same receivby or of the art GPS receiver with a sampling rate ofH0

taking the double differencely betweenp-th ando- and a small baseline of 0.5 m it could be acceptédr
o . . some satellites like the Scientific Applicationstediite
th GPS satellites; the second one is the integeia | (designed to spin at 6 rpm), but not for many
ambiguity N, which needs to be resolved; the thirchthers, like the environment Data Collecting Seell
one is the random noise” , which asks for a statistical SCD1 (currently at 50 rpm) or his twin brother S@D-
approach such as curve fitting, for instance; dedlast (about 30 rpm). Indeed Cond. 4 restricts considgrab
one is an unknown biadu at the spin rate, which must the use of this algorithm in real missions.

be considered but not necessarily estimated. o _ _

When the spin rate is slow enough that assuresttieat ~ Thelnteger Ambiguity Resolution Algorithm

relative motion of the antennas during the sample for Arbitrary Spin Rate
interval is smaller than a half-wavelength, them th ] ) . ]
carrier phase difference splits in a discontinudug- N this section a new algorithm is presented tveso

folded sinusoidal pattern. So, the integer ambygoitn  the integer ambiguity problem for a spinning basetat

be easily removédy adding to each data the necessargPitrary spin rate. The approach is based on the
integer amount that makes it as close as possitieet assumption that the spin rate is known accurately
already corrected value of its immediate previoagad €nough to establish a kinetic constraint, ~which
(see Fig. 1). The first integer ambiguity may béliminates false solutions. The necessary mathemati
regarded as a third coefficient to be estimateettuey derived below is cumbersome but the approach itself

. P P o . comparatively simple and may be shortly explained a
\;/)VrlfjtheAm and BY, and is indeed meaningless to thc?ollows. In a first step, the domain of candidaipléts

from the data sample is scanned. The triplet that
minimizes the residual covariance of the triplesdzh
curve fitting is selected as the optimum tripleben, the



domain of admissible integer ambiguity on the optim where ' denotes transpose. From Egs. (7) and (9) one
triplet in a given range-N;, < NP@t)<N;, is Mmaywrite:

scanned. The values that minimize the weightedsaeer . ,

of the optimum-triplet-based curve fitting are sedel. ' (t) =[cost, —to) sinult, —to) 1c' +v, . (12)
Once the model is fitted the whole set of integer

ambiguity NP(t, ) is resolved by minimizing the Let ® be the fractional observable vectdt! the full
correspondent absolute value of the residual f@rev observable vectorn' the integer ambiguity vectolf

sample timet, . the noise vector; and¥ the base-function matrix
defined respectively by:
The Least-Squares Approach

fat) - et (13)

Both antenna and GPS indexes will be omitted is th ®
section for the sake of clarity. In this way, retiess the ,
application case uses either single or distincéivers, [ E{f ty) - fi(tn)} , (14)
one may write:

oty) = fF(te) + Ny, 5) n' E{Ni Nin}’ , (15)
NkDzn[_Nlim*NIim]:(Ktk)D(_%’%]' ( \
V=i, - Vo, (16)
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where ¢ is the fractional observablef may be cogat,, —ty) sinw(t, —t;) 1
n n

thought as a full observable; amd},,, is the integer such
that: So, Egs. (5) and (6) may be rewritten in matrix

representation:
b 1 b 1
S5 <N S+, M pisn
A2 A2 ®=F'+n , (18)
for the single difference case, and: Fl = We+V (19)
ZTb—%< Niim s%b+% , (8) The problem of estimating' by the least-squares

method givenF ' is straightforward and gives:
for the double-difference case. _ _

Let f'and Ni. be thei -th reference values of the full ¢ = (W) twE (20)
observable and its integer ambiguity respectivalyd

i - . , where ¢ denotes the least-squares estimate. The
c' the related coefficient vector respectively dedime: q

estimation errordc' and its covariance matrixC'
considering the uncertainty inc due to an unknown

i = .
Pt =it +N; ©) bias with standard deviation ,are given by:
(b, b ' . A 5w
c'={=A =B N;| , (10) &' =(ww)'w|ewpe =+v | , (21)
A A W
Ng =N =N; (11) ,

i igi 03) )12
cl =gt F+(qJLu) o? (22)



In view of Egs. 15, 26-27 one may write:

g =(ww)'wewped 23 _
A =HbE (28)
where © is a diagonal matrix andD is a skew-
symmetric matrix respectively given by: Hi ok —plik = giikyel + Hiiky (29)
oft; ~t,) 0 0 The (i, j, k ) triplet-based least-squares estimatecf
o= 0 0 , (24) s given by:
0 0 t, —t o Cooo\al o
("(n 0) é"]’kZ(HI’J’kLP) l[HI’]’kCD—I’]I’J’k] , (30)
010 and the estimation error is:
D=|-1 0 0 . (25)
0 0O

&:ivivk=(Hi'i'kw)'lHi'ivk(ewDéi'ivk%‘%vj (31)
Unfortunately this solution relies on the knowleduf

the full observable vectoE' which due to cycle slips is Residual Analysis

not observed indeed. If the integer ambiguity were

known, F' could be retrieved from® and Once c"'¥ is estimated, the(i, j,k )triplet-based

consequentlyc' could be so estimated from Eq. 20.  estimate ofF! may be retrieved:
The spin axis attitude and its phase angle may be

estimated from the first two elements of for singld ~ Fiik = yghik , (32)

and doublé difference cases. The whole problem is
therefore depending on the integer ambiguity régoiu  with its associate residuals:

k

The Triplet-Based Solution pitik :¢_(|£i,j,k +ﬁi,j,k) ,

. . (33)
; ~ijk -k
Instead of trying to find out the entire vectprwhose Reozt e D(_%%] i D{l...,n} '

-1

domain contains(2N;, +1)"™ unknown elements (for

_ The residual uncertainty is:
N; =0,0i ), it is more reasonable to start by guessing

only two of their values. s ik - ik ot 6(o+v N
Let f"1* be the reduced integer ambiguity vector > S : (34)

associated with the tripldf, j,k :)
, Ghik =1 —wlH kg Tk (35)
k=l NEONE) (26)
where | is the identity matrix on0®. Therefore the
and H"* 003" 3 related sparse matrix with elemenf€Sidual covariance matrix is:
(r,s) given by: )
R =Gi'j’k{ewDei'ivkéi'i'k D'wee 4 mﬂei'ivk
A 2
H ;Jsk = 6],rai,s +62,r6j,s +63,r6k,s ’ (27) w
(36)

5 k1K . . N
where§;  is the Kroenecker symbol. The matrik The optimal triplet should minimize the trace of

is designed to extract a tripl€t, j,k fjom an arbitrary Rii:k  Nevertheless, at this poinﬁi,i,k is  still
vector on(".



unknown. So, a sub-optimum triplet is selected Whic From Eqs.41-42, the number of candidate solutions
minimizes the following superior limit oR"** ; be tested grows with the square of the sampleasize
the baseline length. This may represent a conditiera
s o , time consuming task especially for on-board
b°0g, | 162 lghik s tr{R"i’k} , applications, although still feasible in view ofraently
N6 available microprocessor technology. In this concer
37) one should note that the algorithm is supposedeto b
needed only to initialize the process, when noiaripr
information is available. Afterwards the estimated
coefficients could be used to extrapoldté and thus

The cost function can be finally defined as th@ropagate the integer ambiguity in a recurrent way.
weighted square average of the residuals of thexitssl

tr{Gi'j'k[OWDD'W’O
where tr{[}] denotes the trace of a matrix.

The Signal Ambiguity Resolution

triplet:
S VPR The p-th GPS line of sight unit vectors in the rotating
a(NE N =gt REK ik (38) inated/® obey&
ody frame coordinated/ P obeys:
The entire domain of2Nj;, +1)2 integer possibilities WP =\W° +AWP | (43)
for the pair (N'J , N,L) is searched and their respective
cost functions are evaluated. The optimum solution AP®
corresponds to the minimum value of the cost famgti AW P = BPO , (44)
whose expected value is given by the number ofesegr ol1-cosp® |- (AP° 2 gPo 2
of freedom of the problerm- 3 C\/ (1 s ) ( ) ( )
Some Practical Aspects where ¢P 0{-1+1} is a signal ambiguity; ana® is
such that:
In practice it was observed that the optimal sotut
always corresponds to symmetric triplets with respe o 1o o
t; . This means that only the triplets of the form: UTU"=cosp™ , (45)
(i, i+, i—I) N D[l,min{i -1,n- |}] i D[Z,n—l] (39) WwhereU " is the p-th GPS line of sight unit vectors in

the reference frame. Attitude may be determinedhfro
need to be scanned. This reduces the size of tvetse WP and UP using, for instance the algorithm

domain from QUEST. WP could be called a GPS “pseudo-attitude”
observation vector. Since they are unit vectorsyiémv

1 _ _
So =gn(n-H(n-2) , (40) of Eq. 42,W° must obey:

for the full set of possible triplets to '
AW P W° :—(l-coapp) ,Op . (46)

_|%n(n-2) ,if niseven
So= %(n—l)z if nisodd. (41)  Therefore, given AP° BP®and P, W° is the
solution of the linear system 46.
The signal ambiguity could be resolved empiricaljy

are mutually checking the unit vector condition for afl” possible
exclusive. This eliminates about 25% of the seardkignal combinatiorfs In this section an analytical,
domain. Therefore, the total number of requiredt coglosed form solution for the signal ambiguity is

Also some possible pairs{Nij,NL)

function evaluations is nearly given by: presented though. The method is based on the pieper
that scalar products and determinants remain iangri
T :%(ZN,im +1)2 _ (42) under rotations. At least 4 GPS satellites areirequo

be at sight.



By the scalar product invariant property, negtegti
the effect of uncertainty one may write:

Lr-ue)ue-ue)=awraws (47)

which in view of Eq. 44 yields:

’ 2
p—UO)(Uq—UO)—ZAWipAWiq

One should mention that the aim of UFPR & INPE’s
first GPS experiment campaign was to investigate th
feasibility of spin-axis attitude determination indGPS
interferometry in the primary level of proof of ampt.
There were not any concern about accuracy related
aspects, which were reported secondarily only.

Table 1: Summary of Attitude Errors of ground
experiment with 1>0.4

i=1

¢l= c"sigr{(u

(48)

By the determinant invariant property one may evrit

GPS Attitude Error [arc min] T
Frequency x-axis y-axis z-axis
L1 53 60 7.1 2
L2 -31 46 -1.3 1.5

defu®-u° uv-u° UT-U°)

. (49)
det(AWp AW AWr)
which in view of Egs. 44,47 yells:
p_yy0 q_jgy0 r_p10
(b GelUP-U° U*-U u°) 50

defaw ™ AW Aw'™)

where the superscript denotes a variable with=+1.
This completes the algorithm.

Numerical Results

The proposed algorithms for both integer ambiguit
resolution and signal ambiguity resolution were
implemented and tested. From simulation tests & wx
found that the procedure is able to estimate thieecb
value of the integer ambiguity with 95% of confiden
level if the following empiric condition applies:

AT = % no At <04 . (51)

The condition is similar to Cond. 4 and means that
total motion of the antennas during the sampleoperi
away from their predicted position must be smathan
the carrier-phase half-wavelength.

For the double difference case, data from a ground
experiment using distinct receivers were processed. A

summary of the results is given in Table 1 and
representative case is shown in Fig.2 (compare kigh
1). The ability to resolve the integer ambiguityeav
when Cond. 4 was not satisfied was clearl
demonstrated. The algorithm was able to retrieve t
integer ambiguity even with ten times less data tthe
original sample shown in Fig. 1.

f

For the single difference case data simulating the
antennas linked to a single GPS receiver were
processed. The results illustrated in Fig. 3 amélar to
those obtained when the spin rate was in agreewitnt
Cond. 4. The attitude determination procedure g t
case includes a Kalman filter and is fully desalibe
Ref. 1. The purpose of including it here is onlystmw
the wvalidity of the integer ambiguity resolution
procedure for arbitrary spin rates.

row data
preprocessed data
residuals

double difference [cycles]

50 (=11} 70 80 S0
tirne [s]

10 20 30 40 100

Figure 2: Preprocessing GPS carrier-phase -
Ground experiment data, arbitrary spin rate

Conclusions

An algorithm to solve the integer ambiguity prohle
or a spinning baseline with arbitrary spin rateswa
proposed. The algorithm was first tested using kited

ata from two antennas linked to a single GPS vecei
ater on it was tested using real GPS daban ftwo
antennas linked to distinct receivers on a ground
experiment.
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The results show that the algorithm overcame
successfully the spin rate constraint reported by
previous works. A spin rate accuracy constraint
applies instead.

A closed form to quickly resolve the signal
ambiguity present in the double difference
application case was also tested successfully.

These contributions intend to represent a step
forward towards future space applications of the
algorithm. As a next step, accuracy and operational
aspects shall be carefully addressed with the &id o
the DLR test facilities, in the frame of the Bréenil-
German Government Agreement for Scientific and
Technological Cooperation.
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