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In this paper, a numerical scheme for the calculation of the State Transition Matrix (STM) based on the Dromo formulation is
presented. Dromo is a special perturbation method that offers important advantages both for the numerical propagation and for the
analytical analysis of perturbed orbital motion. The obtained STM incorporates the perturbing effects of the primary body oblateness
and the gravitational influence of third bodies. We apply this STM to the problem of orbit uncertainty propagation. The proposed
method is found to be less complex than non-linear methods, both from the mathematical and the computational point of view, and
overcomes fundamental limitations of linear methods based on Cartesian coordinates. The method is especially accurate for low
eccentricity orbits (e < 0.1), and outperforms in any case a linear propagation performed using Cartesian coordinates.
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Nomenclature

C : covariance matrix
G : Dromo state vector gradient matrix
I : identity matrix
J : Jacobian matrix

P, Q, R : rotation matrices
Φ : State Transition Matrix
f : perturbing acceleration vector
g : Dromo state vector time-derivative

q, q : Dromo state vector, Dromo element
r : position vector
u : velocity vector
a : semi-major axis
e : eccentricity
h : orbit angular momentum
i : orbit inclination
k : J2 perturbation coefficient
N : number of perturbing bodies
n : mean motion
ñ : inverse of the unit of time
r̃ : unit of length
s : transversal velocity
u : radial velocity

vx, vy, vz : velocity vector components
x, y, z : position vector components
α2 : J2 perturbation proportionality constant
β : fictitious-time drift
µ : gravitational parameter of the primary
ν : true anomaly
τ : time
σ : fictitious time / standard deviation
Ω : right ascension of the ascending node
ω : argument of periapsis
I : inertial frame
R : local vertical local horizontal frame
P : intermediate frame

Subscripts
0 : initial epoch
r : radial direction
θ : transversal direction
h : out-of-plane direction
j : index of perturbing body

0, s, c, s2, c2 : linear, sin or cos of a multiple of σ

1. Introduction

The capability of efficiently assess how state uncertainties
propagate is crucial in many space science and technology ap-
plications. In general, any kind of state uncertainty can be prop-
agated using a Monte-Carlo (MC) method with a full nonlinear
model. The main limitation of this approach is computation
time: the need to propagate individual points of a sufficiently
well discretized initial state for a long period of time is typi-
cally very expensive. This is why MC methods are employed
in limited cases or for validating other more computationally
efficient methods.

The need to obtain a computationally efficient scheme to
propagate uncertainties without missing key features of the or-
bit dynamics has motivated the search of alternative solutions.
On one hand, the limitations of linear covariance propagation
in Cartesian elements, unable to follow the complex and highly
non-linear uncertainty evolution, have been mitigated by the
use of classical or equinoctial orbital elements. 1) The use of
curvilinear coordinates to propagate the orbit uncertainty has
also been proven to be advantageous. 2) Other authors have em-
ployed higher-order Taylor series expansion in Cartesian ele-
ments 3) or Gaussian mixture sampling techniques 4) to better
track the non-linear evolution of the uncertainty domain.

Following a similar approach to Ref. 1, the authors have
very recently explored the use of another set of elements for un-
certainty propagation: the so called “Dromo elements” derived
from a relatively recent orbital motion formulation proposed by
Pelaez et al. in 2007 5) and considerably improved in subse-



quent works by Urrutxua et al. 6) , Baú et al. in 2013, 7) 2014 8)

and 2015 9) . Using this formulation, the linear propagation
of the uncertainty of Near Earth Asteroids (NEAs) subject to
N-body perturbation 10) was presented recently and shown to
drastically improve its Cartesian counterpart. The excellent re-
sults obtained for the NEAs case motivated the investigation of
an orbit uncertainty propagation scheme applied to Earth-bound
orbits.

As a first step, we perform a derivation of a generalized state
transition matrix (STM) in Dromo elements accounting for the
main geopotential term. and third-body perturbations (Sun and
Moon). Once the time evolution of the STM is obtained the
covariance matrix propagation can be carried out analytically
bringing a dramatic improvement compared to Monte-Carlo
methods.

The key question regarding the range of validity of the pro-
posed uncertainty propagation scheme, depending on the size of
the initial uncertainty region and the propagation time interval
considered, is addressed by an extensive campaign of numerical
simulations.

Results show that the evolution of the uncertainty of satel-
lites considering the typical orbit determination errors and time
propagation of Earth orbiting satellites can be represented quite
well with the proposed method. As expected, the Cartesian
propagation of the covariance rapidly fails to represent the error
distribution when propagated away from the initial epoch.

2. Dromo formulation

Let us consider a particle of mass m orbiting around a pri-
mary at initial radial position r0 measured from the center of
the primary and angular position ν0 measured from the initial
eccentricity vector in the initial orbital plane (and hence corre-
sponding to the initial true anomaly). Let us employ, from now
on and unless specified, the Earth equatorial radius r̃ as unit of
distance, 1/ñ as the unit of time (τ) where ñ is the angular rate
of a circular orbit with radius equal to the reference radius r̃:

ñ =

√
µ

r̃3 , (1)

with µ indicating the gravitational parameter of the primary.
The Dromo formulation is characterized by the use of a ficti-

tious time σ as independent variable as given by the Sundmann
transformation:

dτ
dσ

=
r2

h
, (2)

where h denotes the angular momentum of the particle and r its
radius. The physical interpretation of the variable σ is found
by integrating the previous equation after conveniently setting
σ0 = ν0, to obtain:

σ = ν + β, (3)

which underlines that the variation of the fictitious time is re-
lated to the variation of the osculating true anomaly by the ad-
dition of an angular drift β due to the action of orbital perturba-
tions.

Seven generalized orbital elements q1, ..., q7, whose defini-
tion in relation to the classical orbital elements is given in the
following.

The first three generalized orbital elements are defined as:

q1 =
e
h

cos β, (4)

q2 =
e
h

sin β, (5)

q3 =
1
h
. (6)

It is useful to derive the expression of the initial dimensionless
angular momentum:

h0 =
ν̇0r2

0

ñr̃2 =

√
(1 + e0 cos ν0) r0

r̃
, (7)

and the initial value of the above generalized orbital elements:

q10 =
e0
√

r̃
√

r0 (1 + e0 cos ν0)
, (8)

q20 =0, (9)

q30 =

√
r̃

√
r0 (1 + e0 cos ν0)

. (10)

The four remaining generalized orbital elements are the Euler-
Rodrigues parameters characterizing the rotation, associated to
matrix P, bringing an intermediate frame P (having two of its
axes constantly lying in the instantaneous orbital plane of the
particle) to overlap with a reference inertial frame (I). In the
classical Dromo formulation 5) the adopted intermediate frame
was chosen in such a way to coincide with the (LVLH) orbital
frame R at τ= 0. Here we choose P in such a way that it coin-
cides with the perifocal frame at τ= 0 as done in Ref. 6).

P =


1 − 2

(
q2

5 + q2
6

)
2 (q4q5 − q6q7) 2 (q4q6 + q5q7)

2 (q4q5 + q6q7) 1 − 2
(
q2

4 + q2
6

)
2 (q5q6 − q4q7)

2 (q4q6 − q5q7) 2 (q5q6 + q4q7) 1 − 2
(
q2

4 + q2
5

)
 ,

(11)
An additional rotation matrix Q brings the orbital frame R at-
tached to the particle to overlap with the intermediate frame P
through a rotation of −σ around the common z axis:

Q =

cosσ − sinσ 0
sinσ cosσ 0

0 0 1

 . (12)

Finally, the rotation from the I to the R frame is associated to
the matrix:

R = P Q (13)

The Euler Rodrigues parameters can be related to the classical
orbital elements as:

q4 = sin
i
2

cos
Ω − ω + β

2
, (14)

q5 = sin
i
2

sin
Ω − ω + β

2
, (15)

q6 = cos
i
2

sin
Ω + ω − β

2
, (16)

q7 = cos
i
2

cos
Ω + ω − β

2
. (17)

The rotations between the references frames I, P and R are
shown in Fig. 1.
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Fig. 1. Reference systems.

Other useful expressions are provided to obtain the classical
orbital elements from the generalized Dromo elements as:

a =
1

q2
3 − q2

1 − q2
2

, (18)

e =
1
q3

√
q2

1 + q2
2, (19)

i = cos−1
(
1 − 2

(
q2

4 + q2
5

))
, (20)

Ω = atan2 (q5, q4) + atan2 (q6, q7) , (21)

ω = atan2 (q2, q1) + atan2 (q6, q7) − atan2 (q5, q4) . (22)

ν = σ − atan2 (q2, q1) , (23)

Additional very useful formulas relate the Cartesian inertial
position r and velocity u of the particle to the generalized orbital
elements. They can be written in compact matrix form as:

r = R

r
0
0

 = r P

cosσ
sinσ

0

 , (24)

u = R

us
0

 = P

−q2 − q3 sinσ
q1 + q3 cosσ

0

 , (25)

where

s = q3 + q1 cosσ + q2 sinσ (26)

u = −
∂s
∂σ

= q1 sinσ − q2 cosσ (27)

represents the transversal and radial components of the particle
velocity, respectively. The orbit radius can be computed as:

r =
1

q3s
. (28)

Finally, the evolution in time of the generalized orbital ele-
ments under the effect of the radial ( fr), transversal ( fθ), and
out-of-plane ( fh) components of the dimensionless acceleration
is governed by the differential equations:

d
dσ

q1
q2
q3

 =
1

q3s3

 s sinσ (s + q3) cosσ
−s cosσ (s + q3) sinσ

0 −q3

 ( fr
fθ

)
, (29)

d
dσ


q4
q5
q6
q7

 =
fh

2q3s3


0 0 − sinσ cosσ
0 0 cosσ sinσ

sinσ − cosσ 0 0
− cosσ − sinσ 0 0



q4
q5
q6
q7

 ,
(30)

to be accompanied by the equation governing the evolution of
the fictitious time:

dτ
dσ

=
1

q3s2 . (31)

After introducing the state vector q = (q1, q2, .., q7, σ)> and the
perturbing acceleration vector f = ( fr, fθ, fh)>, the preceding
equations can be written in compact form with time as indepen-
dent variable as:

dq
dτ

= g (q, f (q)) . (32)

where

g1 =
dq1

dτ
=

fθ
s

(s + q3) cosσ + fr sinσ, (33a)

g2 =
dq2

dτ
=

fθ
s

(s + q3) sinσ − fr cosσ, (33b)

g3 =
dq3

dτ
= − fθ

q3

s
, (33c)

g4 =
dq4

dτ
=

fh
2s

(q7 cosσ − q6 sinσ) , (33d)

g5 =
dq5

dτ
=

fh
2s

(q6 cosσ + q7 sinσ) , (33e)

g6 =
dq6

dτ
= −

fh
2s

(q5 cosσ − q4 sinσ) , (33f)

g7 =
dq7

dτ
= −

fh
2s

(q4 cosσ + q5 sinσ) , (33g)

g8 =
dσ
dτ

= q3s2. (33h)

Here we highlight that the time-evolution of σ has no ex-
plicit dependence on the perturbing acceleration. In contrast,
the time-evolution of the true anomaly reads (See Ref. 11, p.
489)

dν
dt

=
h
r2 +

1
e h

(
h2

µ
cos ν fr −

(
h2

µ
+ r

)
sin ν fθ

)
(34)



which directly depends on the perturbing accelerations. By the
use of Eq. (3), it is possible to prove that the terms proportional
to the perturbing acceleration in Eq. (34) correspond to the time
derivative of the fictitious-time drift β.

3. State Transition Matrix

We can construct a State Transition Matrix (STM) in Dromo
elements 10) . This constitutes a first approximation to the rela-
tive motion of a point mass moving in the vicinity of a reference
orbit, qref. The evolution of the STM in Dromo elements is gov-

erned by

dΦ(τ, τ0)
dτ

= G (τ)Φ(τ, τ0) (35)

which is to be integrated together with Eq. (33). The initial
conditions are Φ(τ0, τ0) = I8, the eight-dimensional identity
matrix. G, the gradient matrix, corresponds to the following
total derivative evaluated on the reference orbit

G =
dg
dq

=
∂g

∂q
+
∂g

∂ f
∂ f
∂q

(36)

where f must be expressed in the R reference system.
The first derivative in the right hand

side must be calculated for constant f :

∂g

∂q
=



−
fθq3 cos2 σ

s2 −
fθq3 cosσ sinσ

s2 fθ
s−q3

s2 cosσ 0 0 0 0 ∂g1
∂σ

−
fθq3 cosσ sinσ

s2 −
fθq3 sin2 σ

s2 fθ
s−q3

s2 sinσ 0 0 0 0 ∂g2
∂σ

fθq3 cosσ
s2

fθq3 sinσ
s2 − fθ

s−q3
s2 0 0 0 0 − fθ u

s
q3
s

−
g4 cosσ

s −
g4 sinσ

s −
g4
s 0 0 −

fh sinσ
2s

fh cosσ
2s

g4u−g5 s
s

−
g5 cosσ

s −
g5 sinσ

s −
g5
s 0 0 fh cosσ

2s
fh sinσ

2s
g5u+g4 s

s
−
g6 cosσ

s −
g6 sinσ

s −
g6
s

fh sinσ
2s −

fh cosσ
2s 0 0 g6u−g7 s

s
−
g7 cosσ

s −
g7 sinσ

s −
g7
s −

fh cosσ
2s −

fh sinσ
2s 0 0 g7u+g6 s

s
2q3s cosσ 2q3s sinσ s2 + 2q3s 0 0 0 0 −2q3s u


, (37)

with

∂g1

∂σ
= fr cosσ + fθ

(
−

(
1 +

q3

s

)
sinσ +

u
s

q3

s
cosσ

)
, (38)

∂g2

∂σ
= fr sinσ + fθ

( (
1 +

q3

s

)
cosσ +

u
s

q3

s
sinσ

)
(39)

The second term is calculated considering a constant Dromo
state vector:

∂g

∂ f
=



sinσ
(
1 +

q3
s

)
cosσ 0

− cosσ
(
1 +

q3
s

)
sinσ 0

0 −
q3
s 0

0 0 1
2s (q7 cosσ − q6 sinσ)

0 0 1
2s (q6 cosσ + q7 sinσ)

0 0 − 1
2s (q5 cosσ − q4 sinσ)

0 0 − 1
2s (q4 cosσ + q5 sinσ)

0 0 0


.

(40)
A close orbit q is linearly propagated via the STM as

q = qref +Φ (τ, τ0) (q (τ0) − qref (τ0)) . (41)

Finally, the covariance matrix expressed in Dromo elements
can be propagated using the STM as well

C(t) = Φ (τ, τ0) C (τ0)Φ (τ, τ0)> . (42)

3.1. N-body perturbation
The N-body perturbing acceleration can be written as:

f = −

N−1∑
j=2

µ j
r − r j

‖r − r j‖
3 −

N−1∑
j=2

µ j
r j

‖r j‖
3 (43)

where j = 1 is the primary body already considered in the
Dromo formulation and j = N is the object whose orbit is being
analyzed, with mass negligible with respect to the perturbing
bodies. r j and µ j are the position vector and the gravitational
parameter of the jth body respectively.

It is important to underline that in order to derive analyti-
cal expressions for the 3 × 8 Jacobian matrix ∂ f

∂q the perturbing
acceleration f has to be projected onto the R reference frame.
The representation of the particle position vector with respect
to such frame is straightforward:

rR =

(
1

q3s
, 0, 0

)>
. (44)

The position of the jth body only depends on time and can be
obtained using JPL’s DE ephemeris 12) or VSOP 13) (Variations
Séculaires des Orbites Planétaires). This position is usually
expressed as a vector rIj with respect to the inertial frame and
can be projected onto R as follows

rRj = R>rIj . (45)

The derivative of the force components in R can now be ob-
tained as:

∂ f
∂q

=
∂ f
∂rR

∂rR

∂q
+

N−1∑
j=2

∂ f
∂rRj

∂rRj
∂q

(46)

Reordering the terms in the summation, we obtain



∂ f
∂q

= −

N−1∑
j=2

µ j


 I3∥∥∥∥rR − rRj

∥∥∥∥3 − 3

(
rR − rRj

) (
rR − rRj

)>∥∥∥∥rR − rRj
∥∥∥∥5


∂rR

∂q
−
∂rRj
∂q

 +

 I3∥∥∥∥rRj
∥∥∥∥3 − 3

rRj rRj
>∥∥∥∥rRj

∥∥∥∥5

 ∂rRj
∂q

 (47)

where I3 is the 3-dimensional identity matrix, y y> represents
the outer product of the vector y ∈ R3 with itself which results
in a 3-dimensional matrix, and

∂rR

∂q
=

−
cosσ
q3 s2 − sinσ

q3 s2 −
s+q3

q2
3 s2 0 0 0 0 u

q3 s2

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

 , (48)

∂rRj
∂q

=


0 0 0 | . . . | |

0 0 0 Q> ∂P>
∂q4

RrRj . . . Q> ∂P>
∂q7

RrRj
∂Q>
∂σ

QrRj
0 0 0 | . . . | |

 ,
(49)

with

∂P
∂q4

=

 0 2q5 2q6
2q5 −4q4 −2q7
2q6 2q7 −4q4

 ,
∂P
∂q5

=

−4q5 2q4 2q7
2q4 0 2q5
−2q7 2q6 −4q5

 ,
∂P
∂q6

=

−4q6 −2q7 2q4
2q7 −4q6 2q5
2q4 2q5 0

 ,
∂P
∂q7

=

 0 −2q6 2q5
2q6 0 −2q4
−2q5 2q4 0

 .

(50)

Finally,

∂Q>

∂σ
=

− sinσ − cosσ 0
cosσ − sinσ 0
0 0 0

 . (51)

4. J2 perturbation

When studying the J2 perturbation, the use of the Dromo for-
mulation allows to obtain an analytical solution for the main
problem as presented by Herrera-Montojo et al. 14) . However,
in the presence of additional perturbing accelerations the appli-
cability of an analytical solution is restricted. Here we present
expressions to numerically obtain the STM which contains the
J2 influence. The equations describing the J2 perturbing accel-
eration can be further simplified from Ref. 14) as we show in
the following.

The J2 perturbing acceleration can be written in the R frame
as

fJ2 =
α2

r4

krs2 sin (2σ) + krc2 cos (2σ) + kr0
kθs2 sin (2σ) + kθc2 cos (2σ)

khs sin (σ) + khc cos (σ)

 (52)

with α2 = µJ2R2
E , being J2 ' −1.08 × 10−3 and RE the Earth

radius. The coefficients are given by

kr0 = −
3
2

+ 9
(
q2

4 + q2
5

) (
q2

6 + q2
7

)
(53a)

krs2 =18q4q5

(
q2

6 − q2
7

)
+ 18q6q7

(
q2

4 − q2
5

)
(53b)

krc2 =9
(
q2

4 + q2
5

) (
q2

6 + q2
7

)
− 18 (q4q7 + q5q6)2 (53c)

kθs2 =6
(
q2

4 + q2
5

) (
q2

6 + q2
7

)
− 12 (q4q7 + q5q6)2 (53d)

kθc2 = − 12q4q5

(
q2

6 − q2
7

)
− 12q6q7

(
q2

4 − q2
5

)
(53e)

khs = − 6 (q4q7 + q5q6)
(
1 − 2q2

4 − 2q2
5

)
(53f)

khc = − 6 (q4q6 − q5q7)
(
1 − 2q2

4 − 2q2
5

)
(53g)

The gradient of the J2 perturbing acceleration can be ex-
pressed as

∂ fJ2

∂q
=

[
4 cosσ

s fJ2 4 sinσ
s fJ2 4 q3+s

q3 s fJ2

∂ fJ2
∂q4
· · ·

∂ fJ2
∂q7

∂ fJ2
∂σ

]
(54)

where for i = 4, · · · , 7 we set

∂ fJ2

∂qi
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 (55)

and

∂ f
∂σ

= −4
u
s

fJ2 +
α2

r4

2krs2 cos (2σ) − 2krc2 sin (2σ)
2kθs2 sin (2σ) − 2kθc2 sin (2σ)

khs cos (σ) − khc sin (σ)

 (56)

The derivatives of the coefficients of the J2 acceleration are
given by
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5. Application and discussion

In order to assess the range of validity of the linear propaga-
tion using Dromo elements, a comparison with a fully numer-
ical Monte-Carlo method is presented in this section. To this
end, nMC samples from the initial covariance matrix are drawn
and propagated in time with both methods. A STM Cartesian
coordinates based method was also included in this comparison

A set of highly-inclined orbits with varying eccentricity are
chosen. The initial orbital elements are given in Table 1. The
eccentricity is selected in the range 0.01–0.2. The initial un-
certainty is assumed to follow an isotropic Gaussian distribu-
tion whose standard deviations for position and velocity are
σpos = 100 m and σvel = 1 mm s−1.

Table 1. Initial conditions
a [km] e i [deg] Ω [deg] ω [deg] ν [deg]
15000 0.01–0.2 80 30 -20 0

The dynamical model includes the gravitational influence of
the Earth, Sun and Moon, and the J2 term of the geopotential
model. The position of the perturbing bodies was obtained us-
ing the JPL ephemeris DE430, the initial epoch was set to 2017
January 1, and the uncertainty was propagated for seven days.
For Earth orbits that do not approach the vicinity of the Moon,
the effect of the perturbations on the uncertainty evolution is not
significant. No significant difference on accuracy was found in
numerical simulations when the perturbing effects were turned
on or off. However the effect of perturbation does change the
nominal orbit.

Two reasons lay behind: on the first place the STM is affected
by the gradient of the perturbations, which is usually small (and
the perturbation is usually small to begin with). Their effect can
only be seen in long-term propagations, where the use of a lin-
earized method may not be justified. Additionally, inspection of
Eq. (33) makes it obvious that the Dromo elements evolution is
proportional to the perturbing force, while the derivative of the
fictitious-time σ only depends on the Dromo elements as previ-
ously stated. In the particular case of a circular orbit, the right
hand side of Eq. (33h) becomes constant and the linearization
error vanishes for σ. For increasing eccentricity, it becomes
more important as the radial velocity u becomes not-zero and
appears in the Hessian of the equations of motion. This has a
direct impact on the linearization error.

The σ linearization error is present both on the Dromo-based
method and its Cartesian coordinates based counterpart. It will
affect more strongly those orbits which deviate more from the
nominal trajectory. However when constructing a STM using
Cartesian coordinates, a further approximation to the reality is
introduced: even for circular orbits, errors on the tangential di-
rection are projected onto the orbit tangent, instead of being
contained on the orbit. The larger the angular uncertainty be-
comes, the more this error is observed.

Figure 2 shows the average error for a linear propagation us-
ing the Dromo and the Cartesian methods, in the case that the
eccentricity takes small values (e = 0.01). The average error is
defined as the position difference between the fully-numerical
simulation and the linear approximations, averaged over the
nMC samples. The points with smaller initial error are likely



to show larger final errors that the points with higher initial de-
viations, but the latter are statistically less probable. Then, the
average error can give a measure to compare both methods. For
small eccentricities, the Dromo method greatly outperforms the
Cartesian coordinates based method as the error is 1 to 2 orders
of magnitude smaller.

For increasing values of the eccentricity, the Dromo method
still shows advantages, as can be seen in Fig. 3 (e = 0.1) and
Fig. 4 (e = 0.2). For very large values of eccentricity the
linearization error for the Dromo method increases, but it al-
ways remain well below the error of the Cartesian coordinates
method.
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Fig. 2. Average error for e = 0.01.
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Fig. 3. Average error for e = 0.1.
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Fig. 4. Average error for e = 0.2.

6. Conclusion

In this paper a linear uncertainty propagation method was
presented. The method hinges on the special perturbation
method Dromo, which makes possible to obtain analytical,
compact expressions of the necessary gradient matrices. Anal-
ysis of the equations reveals that the effect of the perturbations
is small in the general case, and the accuracy of the algorithm
depends on the linearization error of the Dromo fictitious-time.

The method was applied to study the evolution of the uncer-
tainty of a satellite orbiting around an oblate planet in the pres-
ence of external body perturbations. The results were compared
to Monte-Carlo simulations and a Cartesian coordinates linear
method.

For small values of the eccentricity, the proposed method
shows one to two orders of magnitude of improvement on the
average error when propagating the uncertainty of Earth-bound
orbits. For increasing values of the eccentricity the linearization
error makes the results less accurate, but better in any case that
when compared to Cartesian coordinates linear methods.
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