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Abstract - We improve the accuracy of Guid-
ance & Control Networks (G&CNETS), trained
to represent the optimal control policies of a time-
optimal transfer and a mass-optimal landing, re-
spectively. In both cases we leverage the dy-
namics of the spacecraft, described by Ordinary
Differential Equations which incorporate a neural
network on their right-hand side (Neural ODEs).
Since the neural dynamics is differentiable, the
ODEs sensitivities to the network parameters
can be computed using the variational equations,
thereby allowing to update the G&CNET param-
eters based on the observed dynamics. We start
with a straightforward regression task, training
the G&CNETSs on datasets of optimal trajecto-
ries using behavioural cloning. These networks
are then refined using the Neural ODE sensitiv-
ities by minimizing the error between the final
states and the target states. We demonstrate
that for the orbital transfer, the final error to
the target can be reduced by 99% on a single tra-
jectory and by 70% on a batch of 500 trajectories.
For the landing problem the reduction in error is
around 98 — 99% (position) and 40 — 44% (veloc-
ity). This step significantly enhances the accu-
racy of G&CNETSs, which instills greater confi-
dence in their reliability for operational use. We
also compare our results to the popular Dataset
Aggregation method (DaGGER) and allude to
the strengths and weaknesses of both methods.

I. INTRODUCTION

Guidance and Control Networks (G&CNETS) represent
an emerging technique that holds promise for on-board
autonomy and the seamless integration of optimality
principles into spacecraft and space agents [1, 2, 3, 4,
5, 6, 7]. They serve as an alternative to model predictive
control schemes (MPC) [8], capitalizing on the numerous
improvements and advances arising from neural network-
based research. Both Reinforcement Learning (RL) and
Behavioural Cloning (BC) have already demonstrated
successful implementations in training G&CNETs for

both space and drone-related tasks [9]. However no
matter which learning paradigm one chooses, residual
approximation errors lead to orbit injection errors that
must be corrected at the cost of extra on-board propel-
lant. Therefore, after training a G&CNET, it is im-
portant to further reduce the final mismatch between
the targeted final orbit injection conditions and the ones
achieved by the on-board neural guidance and control.
This paper considers neural models to represent the op-
timal control policy for a time-optimal interplanetary
transfer targeting a generic low-thrust Earth rendezvous
starting from the asteroid belt [7] and a mass-optimal
landing on the asteroid Psyche. We chose these two opti-
mal control problems such that our study covers different
timescales and problems of varying difficulty. The trans-
fer is a complex low-thrust problem which lasts years. In
contrast, the landing problem requires the G&CNET to
learn a discontinuous function representing a bang-bang
control profile and lasts only minutes. In our work we use
the term Neural ODEs, popularized in [10], to describe
Ordinary Differential Equations which have an artificial
neural network on their right-hand side. We exploit the
fact that, for fixed initial conditions, the solution to such
a system depends only on the network parameters. We
thus proceed to study the use of Ordinary Differential
Equations (ODEs) sensitivities to the network parame-
ters. Since our Neural ODEs are differentiable, the vari-
ational equations, or equivalently Pontryagin’s adjoint
method, enable us to compute efficiently thousands of
ODE sensitivities (state transition matrix). These par-
tial derivatives are used to inform a local search into the
highly dimensional network parameters space, aligning
with the recent trend of Neural ODEs. We use a simple
gradient descent algorithm to update the G&CNET pa-
rameters such as to minimize the mismatch between the
final states and the target states.

II. METHODS

A. Optimal control problems
Time-optimal interplanetary transfer

We consider the same time optimal, constant accelera-
tion rendezvous with a body in a perfectly circular orbit
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of radius R asin [7]. Let F = 1i;j;k be arotating frame
with angular velocity 2 = p%f{. In this way, the target

body position Ri remains stationary in F. The dynamics
is described by the following ordinary differential equa-

tions:
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The state vector xt (subscript 27 to indicate the
"transfer” optimal control problem) contains the posi-
tion r = [X;y;z] and velocity v = [Vx;Vy;V;] which
are h defined in the rotating frame F. Note that
r= x2+y2+z2and is the gravitational constant
of the Sun. The system is controlled by the thrust di-
rection described by the unit vector t = [lix; Iy; iz], gen-
erating an acceleration of magnitude I'. The optimal
control problem boils down to finding the optimal time-
of-flight t¢ and a (piece-wise continuous) function for
t(t), where t € [to;t¢], such that, under the dynamics
described by Eq.1, the state is steered from any ini-
tial state rg, vo to the desired target state ry = Ri,
vi = 0. We are thus Rntinimizing the following cost func-
tion: J =tf —to = " dt [7]. Let’s solve this problem
using Pontryagin’s Maximum Principle [11], taking into
account some useful tips from [12]. Let H be the Hamil-
tonian:

H(r;v; v vit)= ¢-v+

(2)
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where | and | are the co-sates functions and j is
an additional constant coefficient used to multiple our
cost function J = 3(t¢g — tp). This additional constant
increases numerical stability and offers an additional de-
gree of freedom when performing the Backward Genera-
tion of Optimal Examples (BGOE) in Sec.IL.B [7]. For
a trajectory to be optimal the classical necessary condi-
tion tells us that thrust direction t needs to minimize
the Hamiltonian, hence:
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The augmented system of equations is then obtained by
taking the derivatives of the Hamiltonian with respect to
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Since we consider this to be a free time problem, a trajec-
tory also need to fulfill the H|¢=t, = 0 condition in order
to be optimal. Let’s find one solution, which we’ll refer to
as the "nominal trajectory” for this problem in the rest
of the paper. We introduce a shooting function to solve
the Two Points Boundary Value Problem (TPBVP):

(ros vor aite) ={re —rve —veHe || |[ -1}
(5)
where r,; v, are the initial co-states values and tf is
the time-of-flight. The final conditions r¢, v¢, and Hf
are computed by propagating Eq.4 from the initial con-
ditions until tg. We find a root of using the sequential
quadratic programming solver SNOPT [13]. The con-
straint on the magnitude of the initial co-states || || —1
is not strictly necessary, we use it here as it improves
numerical stability. As described in [7], the existence of
multiple roots for Eq.5 corresponds to the presence of
local minima. While not rigorous, we circumvent this
problem by solving this problem using different initial
guesses for the numerical solver, thereby increasing our
confidence that our solution corresponds to the optimal
strategy. The nominal trajectory for this optimal control
problem has a time-of-flight of ty = 4:62 years, see Fig. 1.

All values related to this problem are listed in App.A.

Mass-optimal landing on asteroid

We also consider a mggs-optjmal landing on the aster-
oid Psyche. Let R = i,j,f{ be a rotating frame with
angular velocity 1k such that the asteroid remains sta-

tionary in R. The dynamics is described by the following
ordinary differential equations:
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The state vector x_ (subscript 2 to indicate the ”land-
ing” optimal control problem) contains the position r =
[X;y; z], velocity v = [Vx;Vy;Vz] and mass m. The po-
sition r and velocity v argyboth defined in the rotating
frame R. Note that r = x2 +y2 +z2. The system is
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Fig. 1: Interplanetary transfer shown in rotating frame F. Axis unit is AU.

controlled by the thrust direction described by the unit
vector t = [ix; iy;i,] and the throttle u € [0;1]. This is
a free-time optimal control problem for which we need
to find the controls u(t) and t(t), where t € [to; tg], such
that, under the dynamics described by Eq.6, the state is
steered from any initial state rg, vg, Mg to the desired
target state r¢, v¢ and final mass m¢ (which is left free).
To avoid having to immediately solve the mass-optimal
control problem we follow the steps laid out in [2, 14]

and introduce the following cost function to minimize:
Z,,
Ju®ite) = {u— log[u(l—uwtdt  (7)

0

where the continuation parameter and the logarithmic
barrier allow us to smooth out the problem and keep u €
[0; 1] in the desired bounds. The mass-optimal problem
corresponds to lim wg J(U(t);te) = (Mg — Mg) - Isilgo
(substitute Eq.6 in Eq.7) and is very difficult to solve
without a good initial guess. We bypass this issue by
first solving the problem with = 1 and use this solution
as an initial guess for a slightly smaller , repeating this
cycle until we reach < 10 ©. Let’s find the necessary
conditions for optimality using Pontryagin’s Maximum
Principle [11]. We define the Hamiltonian:

H(r;vim, v v mWt)= v+
1~
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where [, v and m are the co-sates functions. Note
that we drop the dependence on time for brevity. The
optimal thrust direction ¢ and u both need to minimize
the Hamiltonian, hence:
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where SF is a switching function whose zero-crossings

correspond to switches between minimal (U = 0) and
maximal throttle (u = 1):
C1 4 C1
SF= v=t — m- 1 10
Ym ™ Ispdo * (10)

The augmented system of equations is again obtained by
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Since this is free time problem, we need to add the con-
dition H|i=t, = 0 and to leave the final mass m¢ free
we need the transversality condition mli=t, = 0. We
introduce a shooting function to solve the TPBVP:
( ror vor moste)= rr—T;ve — Vv He, me  (12)
where r,; v mo are the initial co-states values and t¢
is the time-of-flight. The final conditions r¢, v¢, Hf and
me are computed by propagating Eq.4 from the initial
conditions until tg. As explained for the time-optimal
transfer, we solve this TPBVP with multiple restarts
(different initial guesses for the root solver) such as to
increase our confidence that our solution is the optimal
landing strategy. The nominal trajectory for this opti-
mal control problem has a time-of-flight of t; = 38 min,

see Fig.2. All values related to this problem are listed in
App.A.

B. Behavioural cloning

We train two separate neural models to represent to
optimal policies for each problem as a function of the
spacecraft state x. The resulting neural state feedback
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Fig. 2: Landing on Psyche shown in rotating frame R.
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Fig. 3: G&CNET architectures: transfer (top) and land-
ing (bottom). Adapted from [2].

is called a G&CNET: Miransfer(XT) = t for the trans-
fer and Manding(xL) = [u ;t ] for the landing. These
simple feedforward neural networks can then be used in
Eq.1 and Eq.6 respectively to simulate the spacecraft dy-
namics. The network architectures are shown in Fig.3,
for both problems we use 3 hidden layers, each with 128
neurons. We use softplus activation functions for the hid-
den layers, allowing us to obtain a continuous and differ-
entiable representation of the optimal controls. To avoid
saturation issues during training we use linear output ac-
tivation functions, except for the throttle in the landing
problem where we use a sigmoid activation function to
keep u bounded between [0; 1].
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Axis unit is km.

Training datasets
We generate training datasets for both optimal control
problems by leveraging a data augmentation technique
called the "Backward Generation of Optimal Examples”
(BGOE) [2, 7]. This technique exploits the fact that any
solution to the augmented systems of equations (Eq.4 for
the transfer and Eq.11 for the landing problem) which
satisfies the necessary conditions for optimality is a local
optimal trajectory which can be used to learn from. The
basic premise of the BGOE is that once a nominal solu-
tion is found, one can perturb the final co-states of the
augmented system by some carefully crafted vector A:
=+ A (13)
where A needs to be chosen such that the necessary con-
ditions for optimality are still satisfied. In the case of the
transfer, each element in A is a number uniformly sam-
pled in U(— ; ) except for 5 which we use to satisfy the
free time condition H¢ = 0. For the landing problem we
also sample each element in U(— ; ) except for m, =0
which we leave unchanged (free final mass transversality
condition) and we use the final mass mg to satisfy the
free time condition Hf = 0 using a root solver and the
final mass m¢ of the nominal trajectory as initial guess.
7 can then be used to back-propagate the augmented
system of equation in time. For small perturbations
this will result in a new optimal trajectory with the same
final states as the nominal trajectory (except for the fi-
nal mass M¢ which is left free in the landing problem)
and different initial conditions. While we cannot directly
chose the initial conditions, the BGOE allows us to gen-
erate hundred thousand optimal trajectories at a fraction
of the computational cost one would incur if one had to
solve each TPBVP individually [2, 7].

For the transfer we use 400,000 optimal trajectories,
each of which is sampled in 100 points equally distance
in time, resulting in 40,000,000 optimal state-action pairs
to learn from. We show a portion of this dataset in Fig.4.
In our experiments, we found that decreasing the corre-






